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DECAY OF CORRELATIONS, QUANTITATIVE
RECURRENCE AND LOGARITHM LAW FOR
CONTRACTING LORENZ ATTRACTORS.
STEFANO GALATOLO, ISAIA NISOLI, AND MARIA JOSE PACIFICO
Abstract. In this paper we prove that a class of skew products maps
with non uniformly hyperbolic base has exponential decay of correla-
tions. We apply this to obtain a logarithm law for the hitting time
associated to a contracting Lorenz attractor at all the points having a
well defined local dimension, and a quantitative recurrence estimation.
1. Introduction
The term statistical properties of a dynamical system F : M →M , where
M is a measurable space and F a measurable map, refers to the long time
behavior of large sets of trajectories of the system. It is well known that this
relates to the properties of the transfer operator, a linear operator associated
to the dynamics that embodies how the measures evolve under the action of
the system.
Statistical properties are often a better object to be studied than pointwise
behavior. In fact, the future behavior of initial data can be unpredictable,
but statistical properties are often regular and their description simpler.
Suitable results can be established in many cases, to relate the evolution of
measures with that of large sets of points (ergodic theorems, large deviations,
central limit, logarithm law, etc...).
In this paper we take the point of view of studying the evolution of mea-
sures and its speed of convergence to equilibrium to understand the statis-
tical properties of a class of dynamical systems.
We consider a contracting Geometric Lorenz flow and its perturbations
[27], a relative of the Lorenz flow, but strictly non-uniformly hyperbolic;
following the cited paper, we have that if the Geometric Flow admits an
attractor and we take a one parameter family of perturbations, parametrized
by a parameter a, there exists 0 < a0 < 1 and E ⊂ [0, a0) a set of parameters
called the Rovella parameters, of positive Lebesgue measure, that admit
an attractor.
We prove that the decay of correlations for the map Fa, induced on a
Poincare´ section for a Rovella parameter a ∈ E is exponential with respect
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to Lipschitz observables: this permits us to study some of the statistical
features of the map and the flow.
We follow the line of [2] exploiting the fact that the system has an invariant
contracting fibration and hence can be seen as a skew product whose base
transformation has exponential convergence to equilibrium (a measure of
how fast iterates of the Lebesgue measure converge to the physical measure),
proving the following.
Theorem A. For all Rovella parameters a ∈ E, the two dimensional map
Fa associated to the flow has exponential decay of correlations with respect
to Lipschitz observables : there exists C,Λ ∈ R+, Λ < 1 such that∣∣∣∣∫ f · (g ◦ Fna ) dµ− ∫ g dµ ∫ f dµ∣∣∣∣ ≤ CΛn · ||g||Lip · ||f ||Lip.
The rapid decay of correlations give, as a consequence, a quantitative
recurrence estimation and an estimation for the scaling behavior of the time
which is needed to hit small targets (Section 7).
Next, we establish a logarithm law for the dynamics of the flow Xta, for
a ∈ E. This is a relation between hitting time to small targets and the
local dimension of the invariant measure we consider. Let us consider the
family of balls Br(x0), with center x0 and radius r, and let us denote the
time needed for the orbit of a point x to enter in Br(x0) by
τFar (x, x0) := min{n ∈ N+ : Fna (x) ∈ Br(x0)}.
A logarithm law is the statement that as r → 0 the hitting time scales like
1/µ(Br). When x = x0 let us denote
τFar (x0) := τ
Fa
r (x0, x0).
This is an indicator for the recurrence time at the point x0. For this indicator
too, it is possible to show quantitative recurrence statements showing that
as r → 0 the recurrence time scales like 1/µ(Br). To express this more
precisely let us consider the local dimensions of a measure µ
(1.1) dµ(x0) = lim sup
r→0
logµ(Br(x0))
log(r)
and dµ(x0) = lim inf
r→0
logµ(Br(x0))
log(r)
representing the scaling rate of the measure of small balls as the radius
goes to 0. When the above limits coincide for µ-almost every point, we set
dµ = dµ(x) = dµ(x)
1.
Theorem B. For the Rovella map Fa, a ∈ E, where E is the set of Rovella
parameters, and µFa is the invariant SBR measure for the map Fa. For µFa
almost every x0:
lim inf
r→0
log τFar (x0)
− log r = dµFa (x0), lim supr→0
log τFar (x0)
− log r = dµFa (x0).
1See Section 7 for more precise definitions on local dimension and the hitting/return
times τr.
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Moreover, for each regular point x0 ∈ Σa such that the local dimension of
µFa at x0 dµFa (x0) exists, it holds
lim
r→0
log τFar (x, x0)
− log r = dµFa (x0)
for µFa-almost each x ∈ Σa.
The logarithm law for the two dimensional map and the integrability of
the return time with respect to µFa imply a logarithm law for the hitting
time and recurrence time of the flow, in a way similar to what was done in
[8]. Let x, x0 ∈ Λ and
(1.2) τX
t
a
r (x, x0) = inf{t ≥ 0|Xta(x) ∈ Br(x0)}
be the time needed for the Xta-orbit of a point x to enter for the first time
in a ball Br(x0). The number τ
Xta
r (x, x0) is the hitting time associated to
the flow Xta and target Br(x0). By this we can also consider a quantitative
recurrence indicator τ
Xta
r (x0) as done before (see Definition 7.1).
Theorem C. If Xta is a contracting Lorenz flow with a ∈ E, where E is
the set of Rovella parameters, and µXa is an invariant SBR measure for the
flow Xta, then for each regular point x0 ∈ R3 such that dµXa (x0) exists, it
holds
lim
r→0
log τ
Xta
r (x, x0)
− log r = dµXa (x0)− 1
for µXa-almost each x ∈ R3. While for µXa almost every x0
lim inf
r→0
log τXar (x0)
− log r = dµXa (x0)− 1, lim supr→0
log τXar (x0)
− log r = dµXa (x0)− 1.
This extend the results of [8] to the contracting Geometric Lorenz flow
and its perturbations.
1.1. Organization of the text. This paper is organized as follows. In Sec-
tion 2 we introduce the main object of this article, the contracting Lorenz
flow. In Section 3 we explicit the main properties of the one dimensional map
associated to a contracting Lorenz flow. In Section 4 we recall some general
results on convergence and correlation decay for skew-products with con-
tracting fibers from [2], that will be used to prove Theorem A. In Section 5
we show how to extend some results about decay of correlations and conver-
gence to equilibrium for Ho¨lder observables to generalized bounded variation
observables. This extension is necessary to apply the general results of the
previous section to our case. In Section 6 we establish exponential decay of
correlations with respect to Lipschitz observables for the two dimensional
map associated to a contracting Lorenz flow and prove Theorem A. In Sec-
tion 7 we show some consequences of the decay of correlations proved above
as hitting time and quantitative recurrence estimations. Finally, in Section
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8 we explain a result about linearization and properties of the Poincare´ map
associated to a contracting Lorenz flow needed along the paper.
2. The contracting Lorenz flow
In this section we present the family of dynamical systems first studied
at [27], which are the object of our paper.
The starting point for its definition is the geometric contracting Lorenz
Flow, a strict relative of the geometric Lorenz system, in which the uniformly
expanding direction is replaced by a strict nonuniformly expanding direction.
We describe informally this construction following [25]. Let (x˙, y˙, z˙) =
(λ1x, λ2y, λ3z) be a vector field in the cube [−1, 1]3, with a singularity at
the origin (0, 0, 0). Suppose the eigenvalues λi, 1 ≤ i ≤ 3 satisfy the relations
(2.1) − λ2 > −λ3 > λ1 > 0, r = −λ2
λ1
, s = −λ3
λ1
, r > s+ 3.
It is worth to remark that λ1 +λ3 < 0 in the contracting case while in the
definition of the usual geometric Lorenz flow the condition is λ1 + λ3 > 0.
The condition r > s + 3 is used in [27] to guarantee the existence of a C3
uniformly contracting stable foliation for the Poincare´ first return map of
perturbations of the geometric contracting Lorenz flow.
Let Σ− = {(x, y, 1) | −1/2 ≤ x ≤ 0, |y| ≤ 1/2},Σ+ = {(x, y, 1) | 0 ≤ x ≤
1/2, |y| ≤ 1/2} and Σ = Σ+ ∪ Σ−. In figure 1 we can see the behaviour of
the field near the origin, with some computations, it is possible to see that
the flow reaches the transverse section x = 1 (a similar reasoning works for
x = −1) obeying the following law:
(2.2) F˜ (x, y, 1) = (1, yxr, xs)
Σ Σ
x=x=
λ
λ
λ
1
2 3
.
.
p
.
− +11
Γ
L
+
−
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Figure 1. Behaviour near the origin.
Outside the cube, as in the Geometric Lorenz case, to imitate the random
turns of a regular orbit around the origin and obtain a butterfly shape for our
flow, we let the flow return to the cross section Σ through a flow described by
a suitable composition of a rotation R±, an expansion E±ρ and a translation
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T±. The resulting effect of the flow outside the cube when we arrive on Σ
may be represented by a rotation and the expansion which have the form:
R±(x, y, z) =
 0 0 ±10 1 0
±1 0 0
 , E±,ρ(x, y, z) =
ρ 0 00 1 0
0 0 1
 ,
ρ is such that ρ · (1/2)s ≤ 1. This condition is an hypothesis on the behavior
of the vector field outside a neighborhood of the origin, and insures that the
image of the map is contained in Σ. Further, we can also take ρ sufficiently
small to guarantee that the contraction along the stable foliation is stronger
than ρ. The condition on the eigenvalues expressed in equation (2.1) gives
the necessary condition to obtain this contraction, see [27, Remarks, page
240].
The translations T± are chosen in such a way that the unstable direction
starting from the origin is sent to the boundary of Σ and the images of Σ˜±
are disjoint.
It is possible to find a flow that realizes this construction, as it is described
in [8, 25]. Composing the expression in (2.2) with R±,E±ρ and T± we write
an explicit formula for F0 : Σ → Σ, the Poincare´ first return map of the
geometric contracting Lorenz flow on the section Σ:
F0(x, y) = (T0(x), G0(x, y))(2.3)
T0(x) =
{ −ρ|x|s + 1/2 x > 0
ρ|x|s − 1/2 x < 0 , G0(x, y) =
{
y|x|r + c0 x > 0
−y|x|r + c1 x < 0 ,
where c0, c1 are real numbers depending on the choice of the translations
T±, r and s are as in (2.1) and ρ ≤ (1/2)−s.
It is proved in [27, Item 4, page 240] that the map T0 satisfies the following
properties:
(a) T0 is onto and piecewise C
3, with two branches. The order2 of
T ′0(x) = O(xs−1) at x = 0 where s = −λ3λ1 and s− 1 > 0,
(b) T0 has a discontinuity at x = 0, T0(0
+) = 1/2, T0(0
−) = −1/2,
(c) T ′0(x) < 0 for every x 6= 0,
(d) maxx>0 T
′
0(x) = T
′
0(1/2) and maxx<0 T
′
0(x) = T
′
0(−1/2).
There exist ρ ≤ (1/2)−s such that also the following hypothesis are satis-
fied:
(e) The points 1/2 and −1/2 are preperiodic repelling for T0.
(f) The map T0 has negative schwarzian derivative.
Under these hypothesis, Rovella establishes that X0 has an attractor Λ0.
Remark 2.1. If ρ = (1/2)−s, then the map T0 is topologically conjugated
to the doubling map and it is called, in the literature, a “full Rovella map”
2we say that f(x) is O(g(x)) at x = x0 if there exists M, δ such that |f(x)| ≤M |g(x)|
when 0 < |x− x0| < δ.
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Figure 2. A 1-dimensional contracting Lorenz map
[25]. For a “full Rovella map”, the existence of an attractor and of an a.c.i.m.
for T0 are easily proved.
Next, to announce the result of [27] we are interested in, let us recall the
definition of an attractor and stability in the measure theoretical sense.
Definition 1. Let X be a vector field, with associated flow Xt. A set Λ
is an attractor for X if it is compact, invariant under Xt, transitive (i.e.,
contains a dense orbit) and it has a compact neighborhood U , called local
basin of Λ, such that Λ =
⋂
t≥0X
t(U).
Definition 2. Given a subset S of a finite dimensional Riemannian manifold
M, we say that x is a density point of S, if, denoting by m the Lebesgue
measure on M, Br(x) the ball of radius r and centered at x, we have:
lim
r→0
m(Br(x) ∩ S)
m(Br(x))
= 1.
Definition 3. Given a subset S of a Banach space B, we say that x ∈ S is
a point of k-dimensional full density of S if there exists a C∞ submanifold
N ⊂ B, containing x and having codimension k, such that for every k-
dimensional manifold M intersecting N transversally at x, then x is a full
density point of S ∩M in M.
Definition 4. An attractor Λ of a flow Xt ∈ C∞ is k-dimensionally almost
persistent if it has a local basin U such that X is a k-dimensional full density
point of the set of flows Y t ∈ C∞ for which ΛY = ∩t>0Y t(U) is an attractor.
In [27] it is proved that the attractor Λ0 constructed as above is 2-
dimensionally almost persistent in the C3 topology, see item (b) of Theorem
at page 235.
The proof of this result is similar to the proof of [5] where it is proved
that, for the map fa(x) = 1 − ax2 there exists a set of parameters of posi-
tive Lebesgue measure for which fa has an absolutely continuous invariant
measure. The main step in the proof is to exploit further the hypotheses on
the initial vector field that lead to the expression at equation (2.3) for its
Poincare´ map. This allows to reduce the problem to the analysis of the one
dimensional map induced by the flow. An auxiliary result is the following,
which proves the persistence of a C3 stable foliation.
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Theorem 1. [27, Proposition, page 241] There exists an open neighbor-
hoods U of X0 such that the flow of each X ∈ U admits a C3 stable one
dimensional foliation in U that varies continuously with X.
By Frobenius Theorem, for each X ∈ U we can find a transversal section
to Xt (and depending from Xt), near Σ and consisting of pieces of leafs of
the stable foliation.
After a change of coordinates, for each X ∈ U the first return map asso-
ciated to X can be written as
FX(x, y) = (TX(x), GX(x, y)).
The one dimensional map TX induced by FX through the foliation is C
3 in
x 6= 0, 0 is the discontinuity and the critical point. Furthermore, we can
choose coordinates on the transversal section such that TX(0
+) = −1/2,
TX(0
−) = 1/2.
Let U be a C3 neighbourhood of X0 as in Theorem 1 and define N as
N = {Y ∈ U | ∃k+, k− so that T k+Y (1/2), T k
−
Y (−1/2) are periodic repelling}.
Note that if U is small enough then N is a codimension 2 submanifold
containing X0.
We can now cite the main theorem proved in [27]:
Theorem 2 ([27]). Let M be a 2-dimensional C3-submanifold of U inter-
secting N transversally, at X0. Let {Xa} be a one parameter family of
vector fields, contained in M, such that the functions a 7→ TXa(∓1/2) have
derivative 1 at a = 0. Then there is a subset E ⊂ (0, a0) of parameters called
the Rovella parameters, with a0 close to 0 and 0 a full density point of
E such that
lim
a→0
|E ∩ (0, a)|
a
= 1, with ΛXa = ∩t≥0Xta(U) an attractor.
This implies that Λ0 is 2-dimensionally almost persistent.
To ease notation, if {Xa} is a one parameter family of vector fields as
above, we denote by
Fa(x, y) = (Ta(x), Ga(x, y))
the Poincare´ map associated to Xa.
In the remaining of the paper, we restrict ourselves to the setting when
{Xa} is one of those one parameter families. We will denote the eigenvalues
of Xa at the singularity by λ1,a, λ2,a, λ3,a.
Lemma 2.2 ([27]). For all Rovella parameter a ∈ E the induced 1-dimensional
map Ta satisfies the following additional properties:
(C1) T ′a(x) = O(xs(a)−1) as x→ 0 where s(a) = −λ3,a/λ1,a.
(C2) there is λc > 1 such that for all a ∈ E, the points 1/2 and −1/2
have Lyapunov exponents greater that λc:
(Tna )
′(±1/2) > λnc , for all n ≥ 1;
8 STEFANO GALATOLO, ISAIA NISOLI, AND MARIA JOSE PACIFICO
(C3) there is α > 0 such that for all a ∈ E the basic assumption holds:
|Tn−1a (±1/2)| > e−αn, for all n ≥ 1;
(C4) the forward orbits of the points ±1/2 under Ta are dense in [−1/2, 1/2]
for all a ∈ E.
(C5) for all a ∈ E, Ta has negative schwarzian derivative.
Remark 2.3. Item C1 depends on the possibility of linearizing the vector
field Xa near the origin; while this hypothesis is not explicit in [27], this is
the reason why we assume Xa to be a C
3 one parameter family in the space
of C∞ vector fields, i.e., a C3 map Ξ : R ⊃ (−ε, ε) → C∞(R3), such that
Ξ(0) = X0.
We refer to Section 8 for a discussion about the order of the derivatives
of Ta and of Ga.
The hypothesis of having a Ck family in the space of Cr vector fields is
widely used in the contracting Lorenz setting [22, 24].
These properties have strong consequences on the statistical properties of
the one dimensional Ta, as we will relate in Section 3. In our work we show
how the statistical properties of Ta imply some statistical properties for the
flow Xta associated to a Rovella parameter a ∈ E.
Remark 2.4. The following properties of Xa for all a ∈ [0, a0], used in our
paper, follow from the properties of the linearization near the origin. We
refer to Section 8 for some explicit computations; let r(a) = −λ2,a/λ1,a :
(1) ∂Ga∂y (x, y) = O(x
r(a)) as x goes to 0, with r(a) > s(a) + 3 which
implies that r(a) > 3,
(2) the map Ga is contracting along the leaves of the stable foliation,
due to the fact that λ2,a is near λ2 < 0,
(3) the order of ∂Ga∂y (x, y) = O(x
l(a)) and l(a) ≥ min(s(a)−1, r(a), r(a)−
1), i.e., l(a) ≥ s(a)− 1 > 0
(4) if log(x) is integrable with respect to the invariant measure µa of Ta
then the first return time of Xta to Σ is integrable.
3. Further properties of the one dimensional contracting
Lorenz map
In [20], conditions (C1) and (C3) were used to prove the existence of
an ergodic absolutely continuous invariant probability measure for Rovella
parameters. In order to obtain uniqueness of that measure, Metzger needed
to consider a slightly smaller class of parameters (still with full density at
0), for which conditions (C2) and (C3) imply a strong mixing property.
But, in [1], Alves and Soufi deduce the uniqueness of the ergodic absolutely
continuous invariant probability measure for a ∈ E not assuming any strong
mixing property. Hence, for each a ∈ E, the map Ta has a unique SRB
measure µa.
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We now recall some recent results of [1] on the statistical properties of
the contracting Lorenz one dimensional maps that we will use in our paper.
To state these statistical properties, we start recalling some definitions
and facts about Ta, with a a Rovella parameter.
Definition 5. We say that Ta is non-uniformly expanding if there is a
c > 0 such that for Lebesgue almost every x ∈ I
(3.1) lim inf
n→∞
1
n
n−1∑
i=0
log(T ′a(T
i
a(x))) > c.
Definition 6. We say that Ta has slow recurrence to the critical set if
for every  > 0 there exists δ > 0 such that for Lebesgue almost every x ∈ I
it holds
(3.2) lim sup
n→∞
1
n
n−1∑
i=0
− log dδ(T ia(x), 0) ≤ ,
where dδ is the δ-truncated distance, defined as
dδ(x, y) =
{ |x− y|, if |x− y| ≤ δ,
1, if |x− y| > δ.(3.3)
Definition 7. The expansion time function is defined as
Ea(x) = min{N ≥ 1; 1
n
n−1∑
i=0
log T ′a(T
i
a(x)) > c,∀n ≥ N},
which is well defined and finite almost everywhere in I, provided (3.1) holds
almost everywhere.
Fixing  > 0 and choosing δ > 0 conveniently, we define the recurrence
time function
Ra(x) = min{N ≥ 1; 1
n
n−1∑
i=0
− log dδ(T ia(x), 0) < ,∀n ≥ N},
which is defined and finite almost every where in I, as long as (3.2) holds
almost everywhere.
Definition 8. We define the tail set at time n to be the set of points which
at time n have not yet achieved either the uniform exponential growth of
the derivative or the uniform slow recurrence:
Γna = {x ∈ I; Ea(x) > n or Ra(x) > n}.
Theorem 3. ([1, Theorem A]) Each Ta, with a ∈ E, is non-uniformly
expanding and has slow recurrence to the critical set. Moreover, there are
C > 0 and τ > 0 such that for all a ∈ E and n ∈ N, it holds
(3.4) |Γna | ≤ Ce−τn.
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In [1] the authors deduced several interesting consequences from (3.4),
which follow from Theorem 2 and Theorem 3 of the seminal paper [31].
Their results involve the class of Ho¨lder continuos functions3 with a given
exponent α > 0, denoted by H(α).
The main result in [1] is that for all Rovella parameter a ∈ E:
(1) Ta has a unique ergodic absolutely continuous invariant probability
measure µa;
(2) the measure µa has exponential decay of correlations for H(α)-
observables against L∞(µa) observables.
A concept strictly related to the decay of correlations is the concept of
speed of convergence to equilibrium.
Definition 3.1. We say that (F, µ) has exponential convergence to equilib-
rium with respect to norms ‖.‖a and ‖.‖b, if there are C,Λ ∈ R+, Λ < 1
such that for f ∈ L1(m), g ∈ L1(m) and for all n ≥ 1 it holds
Convn(f, g) :=
∣∣∣∣∫ f · (g ◦ Tn) dm− ∫ g dµ∫ f dm∣∣∣∣ ≤ CΛn · ‖g‖a · ‖f‖b.
From (3.4) and [31] it follows that the systems we consider have exponen-
tial convergence to equilibrium with respect to L∞ and Ho¨lder observables
(see also [7, Appendix B] for a standard procedure to get a uniform state-
ment for all the obserbables in the given classes).
Proposition 3.2. Let a ∈ E, let µa be the absolutely continuous invariant
measure of Ta. Then (Ta, µa) has exponential convergence to equilibrium
in the following sense. There are C,Λ ∈ R+, Λ < 1 such that for each
f ∈ H(α) and g ∈ L∞(µa)
Convn(f, g) ≤ CΛn · ‖g‖∞ · ||f ||H(α)
In the next section we will see how a result on the convergence to equilib-
rium for a certain map can be extended to a skew product with contracting
fibers, based on that map.
4. General result on convergence and correlation decay for
skew-products with contracting fibers
We recall some general results from [2]. For this, let I = [−1/2, 1/2]
the unit interval and denote by Q = I × I. We consider maps F : Q → Q
preserving a regular foliation, which contracts the leaves and whose quotient
map (the induced map on the space of leaves) has exponential convergence
to equilibrium. We will give an estimation of the speed of convergence to
equilibrium for this kind of maps, establishing that it is also exponential.
3we will denote by
Ho¨lα(f) = sup
x,y∈I
|f(x)− f(y)|
|x− y|α
and by ||f ||H(α) := ||f ||∞ + Ho¨lα(f) the α-Ho¨lder norm.
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Definition 4.1. If f : Q → Q is integrable, we denote by pi(f) : I → I the
function pi(f) : x 7→ ∫I f(x, t) dt.
Let us consider the following anisotropic norm, considering Lipschitz reg-
ularity only on the vertical, y, direction. Let ‖ · ‖y−Lip be defined by
(4.1) ‖g‖y−Lip = ‖g‖sup + Lipy(g),
where
(4.2)
‖g‖sup := sup
x,y∈I
|g(x, y)| and Lipy(g) := sup
x,y1,y2∈I
y1 6=y2
|g(x, y2)− g(x, y1)|
|y2 − y1| .
The following is proved in [2, Theorem 1]
Theorem 4.2. Let F : Q 	 be a Borel function such that F (x, y) =
(T (x), G(x, y)). Let µ be an F -invariant measure with absolutely contin-
uous marginal µT on the x-axis which, moreover, is T -invariant. Let us
suppose that
(1) (T, µT ) has exponential convergence to equilibrium with respect to
the norm ‖ · ‖∞ (the L∞ norm) and to a norm (on the base space)
which we denote by ‖ · ‖Base also suppose that ‖ · ‖Base ≥ || · ||∞ .
(2) T is nonsingular with respect to the Lesbegue measure, piecewise con-
tinuous and monotonic: there is a collection of intervals {Ii}i=1,...,m,
∪Ii = I such that on each Ii, T is an homeomorphism onto its image.
(3) F is a contraction on each vertical leaf: G is λ -Lipschitz in y with
λ < 1.
Then (F, µ) has exponential convergence to equilibrium in the following
sense. There are C,Λ ∈ R+, Λ < 1 such that
Convn(f, g) ≤ CΛn · ‖g‖y−Lip · (||pi(f)||Base + ||f ||1)
for each f ≥ 0.
Now let us relate convergence to equilibrium to decay of correlations. This
will be done by the following statement (see [2, Theorem 2 and 3])
Theorem 4.3. Let F : Q 	 be a Borel function such that F (x, y) =
(T (x), G(x, y)), µ an F -invariant probability measure with absolutely con-
tinuous T -invariant marginal µT on the x-axis and satisfying
(1) (T, µT ) has exponential convergence to equilibrium with respect to
the norm ‖ · ‖∞ and to a norm ‖ · ‖Base;
(2) T is nonsingular with respect to the Lesbegue measure, piecewise con-
tinuous and monotonic: there is a collection of intervals {Ii}i=1,...,m,
∪Ii = I such that on each Ii, T is an homeomorphism onto its image.
(3) F is a uniform contraction on each vertical leaf.
(4) Moreover, let us assume that that there are C,K ∈ R and a semi-
norm ‖ · ‖ such that
‖pi(f◦Fn)‖Base+‖f◦Fn‖ ≤ C1Kn(‖pi(f)‖Base+‖f‖y−Lip+‖f‖), ∀n ≥ 1.
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Then F has exponential decay of correlations: there are C,Λ ∈ R+, Λ < 1∣∣∣∣∫ f · (g ◦ Fn) dµ− ∫ g dµ∫ f dµ∣∣∣∣ ≤ C2Λn‖g‖y−Lip(‖f‖y−Lip+‖pi(f)‖Base+‖f‖)
for all f, g : Q→ R and n ≥ 0.
The notations ‖ · ‖Base and ‖ · ‖ emphatize that these are respectively a
norm for functions on the base space of the skew product, and seminorm for
functions on the whole space, the square Q. In the next section we will find
concrete examples of a norm and a seminorm with the required properties
(the p-variation norm in the next section and the seminorm Var in the
following one).
5. Decay of correlations for adapted function spaces
Many results about decay of correlations and convergence to equilibrium
are obtained for Ho¨lder observables. Yet, in systems with discontinuities,
this class of functions is not the most natural, since it is not preserved by
the transfer operator. We show how to extend those results to generalized
bounded variation observables. This extension is necessary to apply Theo-
rem 4.3.
5.1. Functions of bounded p-variation. We recall the main definitions
and basic results about bounded p−variation (see [19]).
Given a function we define its universal p−Variation as the following
adaptation of the usual notion of bounded variation.
Definition 5.1. Let g : [0, 1]→ R and let:
Varp(g, x1, ..., xn) =
∑
i≤n
|g(xi)− g(xi+1)|p
 1p .
The universal p−Variation is:
Varp(g) = sup
P
Varp(g, x1, ..., xn),
where P is the collection of all the finite subdivisions of [0, 1]. Let
UBVp = {g : Varp(g) <∞}
be the space of functions of bounded universal p-Variation.
In the following m be the Lebesgue measure on the unit interval,  > 0
and h : [0, 1]→ C. We define
osc(h, , x) = ess sup{|h(y1)− h(y2)| : y1, y2 ∈ B(x)},
where B(x) is the ball centered in x with radius  , and the essential supre-
mum is taken with respect to the Lebesgue measure. Now let us define
oscp(h, ) = ‖osc(h, , x)‖p, 1 ≤ p ≤ ∞,
where the p-norm is taken with respect to m.
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Remark 5.2. oscp(h, ∗) : (0, A] → [0,∞] is a non decreasing function and
oscp(h, ) ≥ osc1(h, ).
Fixed 0 ≤ r ≤ 1, set Rp,r,n = {h|∀ ∈ (0, A], oscp(h, ) ≤ nr} and
Sp,r = ∪n∈NRp,r,n.
We can now define:
(1) BVp,r as the space of m−equivalence classes of functions in Sp,r
(2) Varp,r(h) = sup0<≤A(−roscp(h, )) (we remark that this definition
depends on a fixed constant A and that Varp,r(h) ≥ Var1,r(h)).
(3) for h ∈ BVp,r we define ‖h‖p,r := Varp,r(h) + ‖h‖p.
It turns out that BVp,r with the norm ||h||p,r is a Banach space; see [19,
Thm. 1.13]. In the following we will fix A = 1.
Proposition 5.3. UBVp ⊆ BVp, 1
p
⊆ BV1, 1
p
for all 1 ≤ p <∞. Moreover
(5.1) Var1, 1
p
(h) ≤ Varp, 1
p
(h) ≤ 2 1pVarp(h).
In what follows we need to compare the ‖ · ‖p,r norm with the L∞(m)
norm. The following Lemma will be useful (see [2, Lemma 2]).
Lemma 5.4. If f ∈ BV1,r (r ≤ 1), then f ∈ L∞(m) and
‖f‖∞ ≤ Ar−1 · ‖f‖1,r,
where A is the constant in the definition of ‖ · ‖1,r (see item 2 above).
5.2. Ho¨lder convergence to equilibrium implies convergence to equi-
librium for bonded p-Variation. Suppose we have a system having ex-
ponential convergence to equilibrium with H(α) and L∞ observables, let us
estimate the convergence for f ∈ BV1,p and g ∈ L∞.
Proposition 5.5. If for each f ∈ H(α) and g ∈ L∞ we have convergence
to equilibrium with speed Φ :
Convn(f, g) :=
∣∣∣∣∫ g ◦ Tn f dm− ∫ g dµ∫ f dm∣∣∣∣ ≤ ||g||∞||f ||H(α)Φ(n),
then for each f, g respectively in BV1,α and L
∞ it holds
Convn(f, g) ≤ ||g||∞||f ||1,α6
√
Φ(n).
Proof. Let us consider ρ =
1
21B(0,) a multiple of the caracteristic function
of an interval of radius , small.
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Let us consider f ∈ BV1,α, approximate f with f = f∗ρ (the convolution
with ρ) and estimate the integral:∣∣∣∣∫ g ◦ Tn fdm∣∣∣∣ ≤ ∣∣∣∣∫ g ◦ Tn (f + f − f) dm− ∫ g dµ ∫ f + f − f dm∣∣∣∣
≤
∫
|g ◦ Tn (f − f)| dm+
∫
g dµ
∫
|f − f| dm
+|
∫
g ◦ Tn fdm−
∫
g dµ
∫
fdm|
≤ 2||g||∞||f − f||1 + ||g||∞||f||H(α)Φ(n).
Now let us estimate ||f − f||1
||f − f ∗ ρ||1 ≤
∫
I
|
∫
B(0,)
[f(x− y)− f(x)]ρ(y) dy | dx
≤
∫
I
| sup
y∈B(x,)
[f(x− y)− f(x)]| dx
≤ osc1(f, ).
We bound the Ho¨lder seminorm of f
Ho¨lα(f ∗ ρ(x)) = sup
x1,x2∈I
|x1 − x2|−α|
∫
B(0,)
[f(x1 − y)− f(x2 − y)]ρ(y)dy|,
by the definition of ρ
|
∫
B(0,)
[f(x1−y)−f(x2−y)]ρ(y)dy| ≤
{
2−1|x1 − x2| ||f ||∞ if |x1 − x2| ≤ 
2||f ||∞ if |x1 − x2| >  .
Hence
Ho¨lα(f ∗ ρ(x)) ≤ sup
x1,x2∈I
({ |x1 − x2|−α+12−1||f ||∞ if |x1 − x2| ≤ 
|x1 − x2|−α2||f ||∞ if |x1 − x2| ≥ .
)
.
It follows
Ho¨lα(f ∗ ρ(x)) ≤ 2−α||f ||∞ ≤ 2−α||f ||1,α.
Summarizing∣∣∣∣∫ g ◦ Tnfdm− ∫ g dµ ∫ f dm∣∣∣∣ ≤
≤ 2||g||∞||f − f||1 + ||g||∞||f||H(α)Φ(n)
≤ ||g||∞
(
2osc1(f, ) + 4
−α||f ||1,αΦ(n)
)
≤ ||g||∞
(
2α||f ||1,α + 4−α||f ||1,αΦ(n)
)
= ||g||∞||f ||1,α
(
2α + 4−αΦ(n)
)
.
For each n we can take  such that 2α = Φ(n) we have α =
√
Φ(n) and∣∣∣∣∫ g ◦ Tnfdm− ∫ g dµ ∫ f dm∣∣∣∣ ≤ 6||g||∞||f ||1,α√Φ(n).
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
By this proposition it follows that if a system has exponential convergence
to equilibrium with respect to Ho¨lder observables, it has also exponential
convergence with respect to generalized bounded variation ones.
6. Decay of correlations for the two dimensional contracting
Lorenz map: proof of Theorem A
In the following section we explain which are the norms involved, in our
case, in the statements of Section 4 and we will check that the 2-dimensional
Rovella maps satisfies the hypothesis of our theorem, implying the proof of
Theorem A.
As showed in Proposition 3.2 the one-dimensional Rovella map for a Rov-
ella parameter a ∈ E satisfies exponential convergence to equilibrium with
respect to Ho¨lder and L∞ observables. By using the results in Section 5 and
in particular by Proposition 5.5 we have the following.
Corollary 6.1. If a is a Rovella parameter, the one dimensional Rov-
ella map satisfies exponential convergence to equilibrium with respect to the
norms ||.||1,α and ||.||∞.
We will need another definition of variation for maps with two variables.
Similarly to the one dimensional case, if f : Q→ R and xi ≤ x2 ≤ ... ≤ xn,
let us define the variation on the square of f as
Var(f, x1, ..., xn, y1, ..., yn) =
∑
1≤i≤n
|f(xi, yi)− f(xi+1, yi)|.
We then consider the supremum Var(f, x1, ..., xn, y1, ..., yn) over all subdi-
visions xi and all choices of the yi
Var(f) = sup
n
(
sup
(xi≤x2≤...≤xn)∈I,(yi)∈I
Var(f, x1, ..., xn, y1, ..., yn)
)
.
We want to apply Theorem 4.3 using || · ||1,α as the norm || · ||Base and
Var(·) as the seminorm || · ||. Thus we need to prove that item 4 of
Theorem 4.3 is satisfied for this seminorm; to do so, thanks to [2, Lemma
16] the only thing we need to prove now is the following.
Lemma 6.2. For each a ∈ [0, a0] we have that Var(Ga) <∞
Proof. Remembering the definition:
Var(Ga, x1, . . . , xn, y1, . . . , yn) =
∑
n
|Ga(xi, yi)−Ga(xi+1, yi)|.
By Remark 2.4 we have that ∂Ga∂x is bounded for all x ∈ I and there exists
M such that ∣∣∣∣∂Ga∂x
∣∣∣∣ ≤M |x|s(a)−1,
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with s(a) − 1 > 0. Moreover, we can observe that, if x < 0 and x˜ > 0 we
have that
|G(x, y)−G(x˜, y)| < 1.
Therefore, if −1/2 = x1 < . . . < xk < 0 < xk+1 < . . . < xn = 1/2 then
k−1∑
0
|G(xi, yi)−G(xi+1, yi)|+ |G(xk, yi)−G(xk+1, yi)|
+
n−1∑
k+1
|G(xi, yi)−G(xi+1, yi)| ≤
k−1∑
0
|∂G
∂x
(ξi)||xi+1 − xi|+ 1 +
n−1∑
k+1
|∂G
∂x
(ξi)||xi+1 − xi| ≤ 1 +M,
where ξi ∈ [xi, xi+1] for i 6= k. 
From this, as in [2], by Theorems 4.2 and 4.3 follows the decay of corre-
lation with respect to Lipschitz observables, proving Theorem A.
Proposition 6.3. If a is a Rovella parameter, the two dimensional Rovella
map Fa has exponential convergence to equilibrium and exponential decay of
correlations: There are C,Λ ∈ R+, Λ < 1 such that for n ≥ 1 :
Convn(f, g) ≤ CΛn · ‖g‖y−Lip · (||pi(f)||1,α + ||f ||1)∣∣∣∣∫ f · (g ◦ Fn) dµ− ∫ g dµ ∫ f dµ∣∣∣∣ ≤ CΛn·‖g‖y−Lip(‖f‖y−Lip+‖pi(f)‖1,α+Varf).
7. Quantitative Recurrence and Logarithm law, proof of
Theorem B and C
In this section we will show some consequences of the decay of corre-
lations proved above. We show how these results imply hitting time and
quantitative recurrence estimations.
Let us consider a discrete time dynamical system (X,T, µ), where (X, d)
is a metric space and T : X → X is a measurable map preserving a finite
measure µ. Let us consider two points x, y in X and the time which is
necessary for the orbit of x to approach y at a distance less than r
τ r(x, y) = min{n ∈ N+ : d(Tn(x), y) < r};
if x = y we will use the notation τ r(x) := τ r(x, x).
We consider the behavior of τ r(x, y) as r → 0. In many interesting
cases this is a power law τ r(x, y) ∼ rR. When x 6= y the exponent is a
quantitative measure of how fast the orbit starting from x approaches a
point y. When x = y the exponent R gives a quantitative measure of the
speed of recurrence of an orbit near to its starting point, and this will be a
quantitative recurrence indicator.
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Definition 9. Let ν be a measure on X, metric space. The upper and lower
local dimension are defined as:
dν(x) = lim sup
r→0
log(µ(Br(x)))
log(r)
dν(x) = lim inf
r→0
log(µ(Br(x)))
log(r)
.
If dν(x) = dν(x) we say the local dimension exists at x and denote it by
dν(x) = dν(x); if the local dimension exists and dν(x) is constant for ν a.e.
x, we say the system is exact dimensional.
The results of [28] and [9], give a quantitative estimation for these indi-
cators for rapidly mixing systems, and can be summarized in the following
theorem (see also [11]) that directly implies Theorem B.
Theorem 7.1. Let (X,T, ν) be a measure preserving system with a decay of
correlations with respect to Lipschitz observables faster than any polynomial
rate. Let x, y ∈ X,
(1) if the local dimension dν(y) exists then
lim sup
r→0
log(τ r(x, y))
− log(r) = lim infr→0
log(τ r(x, y))
− log(r) = dν(y)
for ν-almost every x.
(2) If X ⊆ Rd for some d, then
lim sup
r→0
log(τ r(x))
− log(r) = dν(x) and lim infr→0
log(τ r(x))
− log(r) = dν(x)
for ν-almost every x such that dν(x) > 0.
Proof of Theorem B. Observe that for a Rovella two dimensional map Fa,
a ∈ E a Rovella parameter, the SRB measure µFa has exponential decay
of correlations with respect to Lipschitz observables and that dµFa
(x) > 0
almost everywhere (the projection of the measure on the basis is absolutely
continuous). Applying Theorem 7.1 we have Theorem B. 
Now we extend the result to the contracting Lorenz flow, following [12, 8].
We need to check that the return time to the section is integrable.
Proposition 7.2. Let a ∈ E be a Rovella parameter, and let µa be the
invariant measure for the one dimensional map Ta then:∫ 1/2
−1/2
− log |x|dµa ≤ ∞.
Proof. In [1] it was proved that for each Rovella parameter the map Ta has
slow recurrence to the critical set (Definition 6) we will use this to give a
bound on the integral of log |x|.
First of all, let Iδ := (−δ, δ) and let Jδ = I \ Iδ:∫
I
− log |x|dµa =
∫
Jδ
− log |x|dµa +
∫
Iδ
− log |x|dµa;
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first we will bound∫
Jδ
− log |x|dµa ≤
∫
Jδ
− log(δ)dµa ≤
∫
I
− log(δ)dµa = − log(δ).
Now we observe that, if we denote by χIδ the characteristic function of Iδ
and by dδ the truncated distance as in Def. 6:
− log |x| · χIδ = − log(dδ(x, 0)),
thus ∫
Iδ
− log |x|dµa =
∫
I
− log |x| · χIδdµa =
∫
I
− log(dδ(x, 0))dµa.
Let now φk(x) = min{− log(dδ(x, 0)), k}; trivially ||φk||∞ ≤ k, therefore
φk ∈ L1(µa) and
lim
n→∞
1
n
n−1∑
i=0
φk(T
i
a(x)) =
∫
I
φkdµa,
for µa a.e. x. Moreover, for all x, k and n:
1
n
n−1∑
i=0
φk(T
i
a(x)) ≤
1
n
n−1∑
i=0
− log(dδ(T ia(x), 0)).
We argue by contradiction; suppose
∫
I − log(dδ(x, 0))dµa = +∞; there-
fore
+∞ = lim
k→+∞
∫
I
φk(x)dµa = lim
k→+∞
lim
n→∞
1
n
n−1∑
i=0
φk(T
i
a(x)) µa − a.e.
≤ lim sup
n→∞
1
n
n−1∑
i=0
− log(dδ(T ia(x), 0)) ≤  < +∞
since the slow recurrence to the critical set holds for a set of full Lebesgue
measure. 
Remark 7.3. In particular, since the return time on the section for the
geometric contracting Lorenz Flow is controlled by − log |x|/λ1 this implies
that the return time on the section for the geometric contracting Lorenz
Flow is integrable.
Remark 7.4. Proposition 7.2 is needed in the Rovella case because the
density of µa may be unbounded near x = 0; this does not happen in the
Lorenz case since we have stronger results concerning the regularity of the
density of the invariant measure of the one dimensional map that cannot be
applied in the non uniformly hiperbolic case.
We show now that the return time on the section is integrable for all the
Rovella parameters.
Proposition 7.5. If the neighborhood U is small enough, then the return
time to the section is integrable for each Rovella parameter a ∈ E.
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Proof. Due to the linearization argument in Section 8, we know that there
exist two constants C1 and C2 such that the return time to the cross section
τX satisfies:
C1 − log |x|
λ˜1
≤ τX(x, y) ≤ C2 − log |x|
λ˜1
.
Since − log |x| is integrable for each Rovella parameter, we have the thesis.

Consider a flow Xt in R3 having a transversal section Σ whose first return
time is integrable. As before let F : Σ \ Γ → Σ be the first return map
associated. Let µF be an ergodic invariant measure for F . Now, if we
consider a flow having such a map as its Poincare´ section and integrable
return time, we can construct an SRB invariant measure µX for the flow.
Let x, x0 ∈ R3 and
τX
t
r (x, x0) = inf{t ≥ 0|Xt(x) ∈ Br(x0)}
be the time needed for the X-orbit of a point x to enter for the first time in
a ball Br(x0). The number τ
Xt
r (x, x0) is the hitting time associated to the
flow Xt and Br(x0).
If the orbit Xt starts at x0 itself let us consider the return time in the
ball and denote
(7.1)
τXr (x0) = inf{t ∈ R+ : Xt(x0) ∈ Br(x0), ∃i < t, s.t.Xt(x0) /∈ Br(x0)}.
If x, x0 ∈ Σ and BΣr (x0) = Br(x0) ∩ Σ we denote
τΣr (x, x0) = min{n ∈ N+;Fn(x) ∈ BΣr (x0)}
the hitting time associated to the discrete system F .
Given any x we recall that we denote with t(x) the first strictly positive
time, such that Xt(x)(x) ∈ Σ (the return time of x to Σ). A relation between
τ r
X(x, x0) and τ
Σ
r (x, x0) is proved in [8] (Proposition 5.2). Let x ∈ R3 and
pi(x) be the projection on Σ given by pi(x) = y if x is on the orbit of y ∈ Σ
and the orbit from y to x does not cross Σ (if x ∈ Σ then pi(x) = x).
Proposition 7.6. Under the assumptions listed above, there is a full µX
measure set B ⊂ R3 such that if x0 ∈ R3 is regular and x ∈ B it holds
(provided the second limits exist)
(7.2) lim
r→0
log τX
t
r (x, x0)
− log r = limr→0
log τΣr (pi(x), pi(x0))
− log r .
By Theorem B, applying this last proposition to the 2-dimensional system
(Σ, Fa, µa) and the contracting geometric Lorenz flow and its invariant SRB
measure, we get the logarithm law and the quantitative recurrence statement
for the flow, i.e., Theorem C.
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8. Appendix: Linearization and properties of the Poincare´ map
To study the order of partial derivative of the first return map to the
transverse section we use a C1 linearization near the singularity; we will use
Theorem 7.1 page 257 of [15] in its version for flows.
Theorem 8.1. Let n ∈ Z+ be given. Then there exists an integer N =
N(n) ≥ 2 such that: if Γ is a real non-singular d×d matrix with eigenvalues
γ1, . . . , γd satisfying
d∑
i=1
miγi 6= γk for all k = 1, . . . , d and 2 ≤
d∑
j=1
mi ≤ N(n)
and if ξ˙ = Γ(ξ)+Ξ(ξ) and ζ˙ = Γζ , where ξ, ζ ∈ Rd and Ξ is of class CN for
small ||ξ|| with Ξ(0) = 0, ∂ξΞ(0) = 0; then there exists a Cn diffeomorphism
R from a neighborhood of ξ = 0 to a neighborhood of ζ = 0 such that
Rξ(t)R−1 = ζ(t) for all t ∈ R and initial conditions for which the flows ζ(t)
and ξ(t) are defined in the corresponding neighborhood of the origin.
Since the resonance conditions are open, there exists an N = N(1) such
that, if we choose the eigenvalues of the geometric contracting Lorenz Flow
respecting the resonance conditions, there exists a CN neighborhood of X0
such that all the vector fields in the neighborhood respect the resonance
conditions and can be C1-linearized. Generically, the linear part of a vector
field X˜ in such a neighborhood is different from the linear part of X0; our aim
is not to find a common linearization for all the fields in the neighborhood
but to ensure the fact that X˜ is C1-linearizable.
8.1. Behaviour near the fixed point. Let X˜ be in a CN neighborhood
of X0 such that the resonance condition are still satisfied; then X˜ can be
C1-linearized.
Denote by λ˜1, λ˜2, λ˜3 the eigenvalues of X˜ at the fixed point, and denote
by r˜ = −λ˜2/λ˜1 and by s˜ = −λ˜3/λ˜1.
First, we will study the behaviour of the flow in a neighborhood of the
singularity and then use the information about the existence of a foliated
atlas to obtain informations on the order of derivatives for the first return
Poincare´ maps.
Near the singularity, there exists a coordinate system such that the sin-
gularity p is in 0, the field is given by X˜ = (λ˜1x, λ˜2y, λ˜3x) and there exists
sections Σ˜ = {z = ε, |x| ≤ ε, |y| ≤ ε}, Σ˜+ = {x = +ε, } and Σ˜− = {x = −ε}.
By the same computations as for the geometric contracting Lorenz flow
X0 we have that the map from [−ε, ε]× [−ε, ε] ⊂ Σ˜ to Σ˜+ is given by:
F˜ (x, y, 1) = (1, G˜(x, y), T˜ (x)) = (ε, ε−r˜y · xr˜, ε1−s˜xs˜),
and that the time taken between Σ˜ and Σ˜+ is given by
τ(x, y, 1) =
log(ε)− log(|x|)
λ˜1
.
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Remark that both arguments work also for Σ˜−.
We can choose the neighborhood such that s˜ − 1 > 0 and r˜ − s˜ > 3.
Therefore, as x approaches 0 we have that
∂T˜
∂x
= O(xs˜−1),
∂G˜
∂x
= O(xr˜−1),
∂G˜
∂y
= O(xr˜),
with s˜ > 1, r˜ > 1.
8.2. Behaviour far from the fixed point. If N ≥ 3 we know from [27]
that all the vector fields in a neighborhood of X0 preserve a stable foliation.
Let X˜ be a vector field in a CN neighborhood of X0 such that the resonance
conditions are preserved, and whose flow preserves a stable foliation. Let
FX˜(x, y) = (TX˜(x), GX˜(x, y)) be the first return map of the flow to the sec-
tion Σ; we will study the behaviour of its partial derivatives as x approaches
0.
With an abuse of notation, we will denote by Σ˜, Σ˜+ and Σ˜− the preimages
under the linearizing change of coordinates of the sections Σ˜, Σ˜+ and Σ˜−;
the important property is that these preimages are locally C1-manifolds and
that they are made up of pieces of stable leaves. In particular, we can see
Σ˜+ as a graph of a function of (y, z), where the constant leaves are given by
constant z.
We want to show that, since the flow preserves the stable foliation, then,
recalling the results from subsection 8.1 we have that
(1) the order of ∂T∂x as x goes to 0 is the same as the order of
∂T˜
∂x , i.e.,
s˜− 1
(2) the order of ∂G∂y is the same as the order of
∂G˜
∂y , i.e., r˜
(3) the order of ∂G∂x is at least the minimum of the orders of
∂T˜
∂x ,
∂G˜
∂x ,
∂G˜
∂y ,
i.e., at least s˜− 1.
(4) if log(x) is integrable with respect to the invariant measure, the
return time to Σ is integrable.
Since the flow of X˜ has no singularities besides p, the map ϕ2(y, z) =
(µ(z), ν(y, z)) that takes Σ˜+ into Σ is a diffeomorphism that sends lines
z = const into lines x = const and the map ϕ1(x, y) = (χ(x), ζ(x, y)) that
takes Σ into Σ˜ is a map that send lines x = const into lines x = const.
By direct computation we have that
DFX˜ = Dϕ2 ◦DF˜ ◦Dϕ1
=
 ∂µ∂z ∂T˜∂x ∂χ∂x 0
∂ν
∂y
(
∂G˜
∂x
∂χ
∂x +
∂G˜
∂y
∂ζ
∂y
)
+ ∂ν∂z
∂T˜
∂x
∂χ
∂x
∂ν
∂y
∂G˜
∂y
∂ζ
∂y
 .
Since ϕ2 is a diffeomorphism, therefore
∂ν
∂y · ∂µ∂z 6= 0, and since ϕ1 is a
diffeomorphism ∂χ∂x · ∂ζ∂y 6= 0. This proves item (1),(2),(3).
22 STEFANO GALATOLO, ISAIA NISOLI, AND MARIA JOSE PACIFICO
Since the flow has no singularities both the time between Σ and Σ˜ and
the time between Σ˜+ and Σ are bounded; this implies item (4).
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